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ABSTRACT 
For a nonempty and noncomplete circulant graph G on a prime number n of 
vertices with adjacency matrix A, consider the polytope DS(G) of all doubly 
stochastic matrices X which commute with A. It is shown that DS(G) is integral iff 
the spectral structure of G is the same as for the undirected cycle on n vertices. The 
sufficiency part of our theorem is extended to the case of arbitrary composite vertex 
numbers n. 
1. INTRODUCTION 
Suppose G is a simple undirected graph on n vertices having adjacency 
matrix A, and define 
DS(G)={XIXA=AX A Xe=Xre=e A X>O}, 
where e is the n-vector of 1’s. Obviously, DS(G) is the polytope of doubly 
stochastic matrices which commute with A. 
A polytope is called integral if all of its extremal points are integral. 
DS(G) is a subpolytope of the assignment polytope, i.e. the polytope of all 
doubly stochastic matrices, which is known to be integral. This knowledge is 
due to Birkhoff [2], who proved that every doubly stochastic matrix is a 
convex sum of permutation matrices. 
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We want to extend Birkhoff’s theorem to subpolytopes DS(G) and try to 
determine the class of graphs for which DS(G) is integral. Note that an 
integral point of DS(G) is a permutation matrix which represents an auto- 
morphism of G. Let Aut(G) be the group of all such permutation matrices, 
and let conv(Aut(G)) be its convex hull. Then the question is: For which 
graphs G is DS(G) = conv(Aut(G))? This is an alternative formulation (and 
maybe a specialization) of the question: How to describe the convex hull of a 
subgroup of the symmetric group? In the latter form the question was already 
posed by Mirsky in his review paper [8]. While the full assignment polytope 
has been investigated very well, for instance by Bali&i and Russakoff [l] 
and by Brualdi and Gibson [3-61, only a few results are known concerning 
subpolytopes of the form DS(G). Cruse [7] has investigated the subpolytope 
of all symmetric doubly stochastic matrices. Further results have been found 
by Tinhofer in [9, lo]. In this paper we deal with circulant graphs of prime 
order and give a necessary and sufficient condition for the integrality of 
DS(G). The sufficiency part of the resulting theorem is extended to the case 
where the vertex number is an arbitrary composite number n. 
2. PRELIMINARIES 
Suppose A is a group and .l c A is such that the identity E 4 J and 
J-i = { x-l 1 x E ] } = _I. The CuyZey graph G = G( A, ./) is the simple graph 
having vertex set V(G) = A and edge set E(G) = {(g, h) 1 g-‘h E J}. 
Let n be an integer and (Z,; + , .) the ring on Z, = (0, 1, . . . , n - 1) 
whose operations + and . are addition and multiplication modulo n. Cayley 
graphs G(Z,, J) on the additive group (Z,; + ) are called circulant graphs 
or starred polygons. In dealing with such graphs all arithmetic operations on 
vertices (indices) are understood as operations in (Z,; + , . ). Note that a 
graph G is a circulant graph iff it possesses an adjacency matrix of the form 
A= c cj, (1) 
jEJ 
where C is the adjacency matrix of the directed cycle (0, 1, . . . , n - 1) and J is 
such that J = - J (modulo n). The eigenvalues of a circulant graph G = 
G(Z,, 1) are 
h, = 1 oki, 
iel 
O<k<n-1 (2) 
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The corresponding eigenvectors are 
U(k)= (1,&W2k ,...) dn-l)k)T, O<k<n-1. (3) 
Since for k E Z, the vectors Uck) and tJPk) are conjugate, we can derive 
from (3) a system of n pairwise orthogonal real-valued eigenvectors in the 
usual way. 
Note that J = - J implies X, = X_, for all k E Z,. In addition, some 
further equalities may hold. Hence, let pi,. . . , p, be the different values 
among the X,‘s, and define 
The partition (Vi,. . . , V,) is called the spectral structure of G and is denoted 
by SS(G). 
Let A be the adjacency matrix of an arbitrary graph G on the vertex set 
Z,, and let L(G) be the space of all real-valued matrices X of order n which 
commute with A, i.e. 
L(G)= (XIXA=AX A ~EI-+]. 
It is known that L(G) is the image of RL under the linear mapping f 
defined by 
n-l 
f(Y) = c c Ykhti(k)ti(h)T, Y E I?*, (5) 
k=O h:X,=h, 
where L = Cm:, the m,‘s are the multiplicities of the different eigenvalues of 
A and G(k), 0 < k < n - 1, is a system of pairwise orthogonal real-valued 
eigenvectors of A. Since f is injective, the dimension of L(G) is L. For a 
circulant graph G = G(Z,, J) we have according to (3) 
(UWU’W),, = &+ht. 
Therefore, the system of real-valued eigenvectors derived from (3) say tick), 
0 < k < n - 1, yields basic matrices fi (k’@h)T which are independent of J, 
and we see that L(G) depends on J only via the spectral structure SS(G). 
From this it follows that for a circulant graph G the automorphism group 
Aut(G) is completely determined by the spectral structure SS(G). 
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3. CIRCULANT GRAPHS OF A PRIME NUMBER OF VERTICES 
Now, in what follows, let n be a prime number. Circulant graphs with a 
prime number of vertices have been investigated very well in the literature. 
Turner [ll] has shown that they are the only point-symmetric graphs of 
prime order and has solved the enumeration problem for them. 
Suppose G is any regular graph of degree r with vertex set Z,. Let A 
and A be adjacency matrices of G and G, where G is the c_omplementary 
graph defined by E(G) = {(u, u) 1 u + o, (u, v) ~YC E(G)}. G is regular of 
degree n - 1 - r. We have 
DS(G) = DS(d), 
r-‘AEDS(G) and (n-l-r))rAEDS(G). 
Therefore, integrality of DS(G) implies that 
r-1 n-2 
A = c p I) and d = 1 pci) 
i=() (’ i=r 
(6) 
for appropriate Pci) E Aut(A), 0 < i ,< n - 2. 
Let E be the constant matrix of l’s, and I the unit matrix of order n. We 
find from (6) 
n-2 
E-Z=A+A= c f’ci). 
i=O 
Hence, for a regular graph G integrality of DS(G) implies that G is 
point-symmetric. From this and the results of Turner it follows that in the 
case of a regular graph G on Z,, DS(G) can be integral only for circulant 
graphs G. Now, let G = G(Z,, J) be given, and consider the group 
H=H(J)= {hEZ,lhd=J}. 
It is a subgroup of the multiplicative group (P,; .) in the Galois field 
(Z,; +;> (P,=Z,-(0)). W e assume that G is not complete and not 
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empty. It is known (see [12, p. 1081) that in this case the automorphisms of G 
are the affine transformations 
j-c+hj, jEZn, 
where c E Z, and h E H are constants. Therefore, using PCClh) to denote the 
corresponding permutation matrix, i.e. P,‘,“, h, = 1 iff s = c + ht, we have 
Aut( A) = { PCcPh) IcEZ, A hEH}. (7) 
Furthermore 
SS(G)=({O},h,H,...,h,H), t=(n-l&i, p=IHI, (8) 
where the sets h,H, 1~ i Q t, are the cosets of H in I’,,. This is seen as 
follows. 
We have X, = ]J] with multiplicity 1, since any j E J is a generator of 
(2,; + ) and hence G is connected. Assume k, h E P,, and A, = Ah. Since o 
is a zero of the polynomial 
where the exponents k. j and h. j are evaluated module n, and since the 
degree of F(r) is at most n - 1, F(x) must be a constant multiple of the 
cyclotomic polynomial 1+ x + . . . + x”- ‘. This implies F(r) = 0. Hence, 
k.J= h-J or, equivalently, k-‘h E H. 
Now, consider Uck)Uch)* where k-‘h E H. We have 
(UWU’W),, = &+ht = J++k-‘W. 
From this it follows that 
n-l 
U’k’U’h’T, C &y(w, where a = _ k-‘h. 
c=o 
Furthermore, for my h E H we have C,P(“, h, = U(“)Uco)T = E. This proves. 
the following lemma. 
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LEMMA. Let G = G(Z,, J) be a circulant graph on a prime number n of 
vertices. Then L(G) is spanned by Aut(G), i.e., each X E L(G) is of the 
f OTWl. 
n-1 
x = c c (Y&P(c”‘), 
c=O hcH 
(9) 
where (a,,), c E Z,, h E H, is a real-valued matrix. 
4. AN INTEGRALITY CONDITION FOR DS(G) 
In this section we return to the consideration of the polytope DS(G) 
introduced in Section 1. We want to present and to prove the following 
theorem. 
THEOREM 1. For a noncomplete and rwnempty circulant graph G = 
G(Z,,J)onaprimenumbernofvertices,DS(G)isintegraZiffH= (1, -1). 
Proof. In order for (9) to define an element of DS(G) it is necessary and 
sufficient that 
and 
c as-th,h 2 o forall s,tEZ,. (lob) 
If (Y,~ 2 0 for all c E Z,, h E H, then X belongs to the convex hull of 
Aut(G) and we are done. Therefore, we can prove the theorem by showing 
that in the case H = { 1, - l}, given the matrix ((Y,~) with (Y,,, < 0 for at least 
one pair (c, h), we always can find a nonnegative matrix (/3,,) satisfying 
h;Has-th,h = h$Hkth.h (11) 
for all s, t E Z,, while in the case where { 1, - l} is properly contained in H 
this is not possible for at least one matrix (a,,). A change from ((Y,~) to (&) 
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according to (11) requires that ( LY,~ - &) be in the kernel K(G) of the linear 
mapping from R”P onto L(G) defined by (9). Since dim L(G) = np - (p - l), 
this kernel has dimension p - 1. Assume that 
is a set of linearly independent solutions of & E H yh = 0, and let YCi) be the 
n matrix whose columns are yk. e, h E H, where e is the n-vector of 1’s. 
The matrices Yci), 1~ i < p - 1, are linearly independent. 
This proves that under the condition (11) we are allowed to change (a,,) 
by adding matrices of constant columns only. Given (ar,,) according to (lo), 
define 8, = min,arCh. Let Y =(yh.e)hEH E K(G). Then (Y,. + yh >, 0 for all 
CE Z, implies y,>, -6,. 
Assume now H = { 1, - l}. In this case the second part of (10) reduces to 
(yi l+~yi,_l~O forall i,jEZ,. (12) 
Assume 8-i < 0. Then 6, > - 6 _ i, and we may replace CC;, 1and ai, _ I by 
pi,1 = ai,l + ‘-ly /3j, _l=“j, -lps-l’ 
We may proceed analogously when 6, < 0. This proves the sufficiency part of 
the theorem. 
For the necessity part assume H Z { 1, - l}. Partition H into two sets H’ 
and H” such that h E H’ implies - h E H”, and let 
c(h) = 
h for hE H’, 
-h for hEH”, 
p= [(P-2)(n-1)-l] -I, 
T= {(c,h)lhEH- (1) A CEZ,- {c(h)}}. 
The matrix 
i 
n-l 
x=p c p(csh)- 1 p(c,l) 
(C,h)ET c=o I 
132 H. SCHRECK AND G. TINHOFER 
belongs to DS( G). The corresponding matrix (Q) is 
i 
P for hfl, c+c(h), 
%h = 0 for h+l, c=c(h), 
-/3 for h=l. 
Hence 
s, = l 0 for h#l, -/3 for h=l, 
so that ((Y,~) can be changed to a nonnegative matrix (Pch) only by adding a 
nonnegative matrix Y. However, this hurts the condition (11). Therefore, we 
see that X is not in the convex hull of Aut(G), and the proof of the theorem 
is complete. n 
5. EXTENSION TO COMPOSITE VERTEX NUMBERS 
The sufficiency part of Theorem 1 is extendable to composite vertex 
numbers n. For this aim we reformulate this part in the following way. 
THEOREM 2. Let n be a composite number and G = G(Z,, J) a cir- 
culant graph with 
SS(G) = ({O}J,>...J’m) v,={t, -t}, l<t<m= i , (13) 
I I 
then DS(G) is integral. 
Proof. Under the hypothesis only the matrices 
are needed in (5) in order to represent L(G). Each of them can be written in 
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the form 
n-1 
C &cp(c,rl) 
c=o 
provided E, 17 E { - 1, l} are chosen appropriately. Hence, the lemma in 
Section 3 is still valid (with H = { - 1, 1)). We have 
dim L(G) = 
i 
2n-1 if n isodd 
2n-2 if n iseven. 
Therefore, when n is odd the proof of the sufficiency part of Theorem 1 will 
do it also in this case. When n is even the second part of (10) does not reduce 
to (12), but to 
(yi i + ei+as, -12 O> i,sEZn. 
This requires taking into account four different minima, namely 
8: = min{achlc even} and 6: = min{a,hlc odd}, hE (1, -l}. 
It is evident how one has to use these numbers in order to change 
(%,I’ %* -Lz, to a nonnegative matrix (&) satisfying the condition (11). 
n 
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